We analytically and numerically investigate the dynamic propagation of the quadratically chirped Airy beams in right-handed material (RHM) and left-handed material (LHM) slabs. Based on the analytical expressions and numerical calculations, we find that through choosing the appropriate value of the quadratic chirp, one can modify the diffraction, the intensity distribution, the propagation path, and acceleration and deceleration of the quadratically chirped Airy beams to meet the actual usage accordingly. In addition, we also demonstrate the effect of the quadratic chirp on the Poynting vector and the angular momentum of the quadratically chirped Airy beams, respectively. Furthermore, we explore the gradient and scattering forces on a Rayleigh dielectric particles induced by the quadratically chirped Airy beams.
Introduction
The Airy wave packet, a solution to the Schrödinger equation for a free particle, was primarily introduced in the context of quantum mechanics by Berry and Balazs in 1979 [1] . In 2007, Siviloglou et al. first investigated the Airy beams in both one-and two-dimensional configurations theoretically [2] and experimentally [3] . From then on, the finite-energy Airy related beams have become the hot spots of researches [4] - [15] due to their unique properties, including self-acceleration [2] , [3] , non-diffracting [4] , and self-healing [5] . In recent years, the dynamic of Airy beams was considered in linear medium [4] - [6] , nonlinear medium [7] - [9] , and media with external potentials [10] - [12] . Those research results can be or have been applied in optical trapping [13] , curved plasma channel generation [14] and soliton pair generation [15] .
As dielectric media with both negative permittivity and negative permeability, the left-handed material (LHM) is very different from the right-handed material (RHM) and has attracted much attention recently [16] - [20] . In optics, the LHM exhibits some remarkable electromagnetic properties [21], such as negative index of refraction, opposite phase and group velocities. Based on the previous excellent researches, some Airy related beams propagating in the LHM have been studied [22] - [24] , such as the Airy vortex Gaussian beams [22] , the right-hand circularly polarized AiryGaussian beams [23] , and the chirped Airy vortex beams [24] , etc.
On the other hand, the quadratic chirp [25] , also called the frequency chirp [26] , can be expected to influence the propagation properties of Airy beam such as propagation path and amplification when the quadratic chirp is imposed externally on the beam. As far as we know, there are some excellent works on Airy related beams with quadratic chirp [25] - [27] , such as the Airy beam in a medium with parabolic potential [25] , the Airy pulse in an optical fiber [26] , the Airy beam in a quintic nonlinear fiber [27] , etc. Owing to the modulation of the quadratic chirp, the Airy related beams will undergo a profound change, including beam compression, pulse regeneration, and remarkable shape change at a certain propagation distance. These behaviors can raise a number of questions.
In this paper, we analytically and numerically investigate the dynamic propagation of finite-energy Airy beams with given quadratic chirp in the RHM and LHM slabs. Even though the investigation of Airy related beam through RHM and LHM slabs has been widely reported [22] - [24] , there is few paper taking the case with quadratic chirp into account. Therefore, the topic deserves deeper exploration. Here we focus on how the quadratic chirp acts on the propagation of the finite-energy Airy beams, and some interesting numerical results are demonstrated. To the best of our knowledge, the topic in our works has not been reported so far. The results in our investigation may bring potential applications such as optical tweezers and optical trapping.
The paper is organized as follows. Firstly in Section II, based on the Huygens diffraction integral formula, we obtain the propagation expression of the quadratically chirped Airy beams in RHM and LHM slabs. Then in Section III, the effect of the quadratic chirp on different typical properties of 2D finite-energy Airy beams is demonstrated for the beams with positive and negative quadratic chirp respectively. Finally in Section IV, the paper is concluded. Fig. 1 demonstrates that the LHM slab in the region 2 is placed between the RHM slab in the region 1 and the region 3. We consider that the initial plane is on the left side of the RHM slab in the region 1, and the z axis is the propagation direction in the Cartesian coordinate system. The quadratically chirped Airy beams will pass the interfaces z = Z 1 and z = Z 1 + Z 2 before reaching the plane z = Z 1 + Z 2 + Z 3 in the RHM slab when they pass through the LHM slab [22] , [23] .
The Theoretical Model
The optical field of an incident finite-energy Airy beam with given quadratic chirp in the Cartesian coordinate system can be written in the form [2] , [3] , [25] where A 0 is the constant amplitude, 0 ≤ a < 1 is the decay factor, w 0 is the incident beam waist size, A i (·) is the Airy function, w 1 and w 2 respectively denote arbitrary transverse scales in the x and y directions. c x and c y are the components of the transverse quadratic chirp parameters along x and y directions, respectively. To simplify the model and broaden the applicability of the results, here we set a specific case w 1 = w 2 = 0.05w 0 (w 0 = 2 mm) and c x = c y = c 0 .
In Fig. 2 , the intensity patterns and phase distributions of the incident finite-energy Airy beams with the different quadratic chirp are simulated. According to Fig. 2(a1) -(a5), we can find that the intensity patterns of the incident beams will not change with the modulation of the quadratic chirp. However, obviously, the phase distributions of the incident beams will change faster with the increasing of |c 0 |, as shown in Fig. 2 (b1)-(b5). In addition, comparing Fig. 2 (b1) and (b2) with Fig. 2 (b4) and (b5), one can see that the phase distributions of the incident beams will change in the opposite direction when the quadratic chirp c 0 has opposite sign. Therefore, the quadratic chirp makes a great influence on the phase distributions of the quadratically chirped Airy beams but barely affects their initial intensity patterns.
In order to investigate the dynamic propagation of the quadratically chirped Airy beams in RHM and LHM slabs under the paraxial approximation, we can write down the A B CD matrix of the optical system as [22] A
where n r and n l respectively denote the refractive index of RHM and LHM slabs. The paraxial propagation of the quadratically chirped Airy beams through the optical A B CD system satisfies the Huygens diffraction integral [28] φ(x, y, z) = i k 2πB
where k = 2π λ is the wave number in free space, λ is the wavelength of the incident beam. To obtain the field distribution of the quadratically chirped Airy beams after propagating a distance z, we substitute (1) into (3) and then obtain the ultimate output field distribution as
where
with M = c 0 w
. By employing (4) and the A B CD matrices with (2), we will analyze the propagation of the quadratically chirped Airy beams through the paraxial optical system in the next section.
Numerical Simulation and Discussion
With the analytical results of the propagation expression, we will further investigate the dynamic propagation of the finite-energy Airy beams with different quadratic chirp in RHM and LHM slabs. We assume that 
The Intensity Distribution, the Propagation Path and Phase Evolution
Figs. 3 and 4 indicate the normalized intensity and peak intensity distributions of the finite-energy Airy beams with positive and negative quadratic chirp at different propagation distances, respectively. Here the peak intensity is defined as the maximum values of the intensity of the each transverse intensity pattern, which can be calculated by the common formula |φ(x,y,z)| c1) shows that the effect of the quadratic chirp wouldn't appear at a shorter propagation distance (2Z R ). For the case of c 0 > 0, with the increasing of the propagation distance, the diffraction of the quadratically chirped Airy beams will gradually become apparent at the positions z = 34Z R and 38Z R due to the modulation of the quadratic chirp. Furthermore, when making a comparison from the first row to the third row in Fig. 3 , one can see that the lager quadratic chirp, the more strongly the diffraction of the beam acts, especially shown in Fig. 3(b4) -(c4) and Fig. 3(b5)-(c5) . Similar to the case c 0 > 0, the finite-energy Airy beams with negative quadratic chirp would also diffract during propagation. The major difference between the two cases is the positions where the diffraction of the quadratically chirped Airy beams occurs. As shown in Fig. 4 , the beam with negative quadratic chirp starts to diffract at the positions z = 10Z R and 14Z R . In our work, the quadratic chirp could be looked as the multiplied phase factor when the quadratically chirped Airy beam propagating through a lens. Besides, when the LHM slab is set between the two RHM slabs, as is shown in Fig. 1 , the LHM slab could act as a perfect lens. Therefore, after diffraction, the energy of the beam would refocus due to the modulation of the quadratic chirp and the LHM.
The peak intensity distributions of the finite-energy Airy beams with positive and negative quadratic chirp during propagation are depicted in Figs. 3(d) and 4(d) , respectively. It is not difficult to find that when c 0 = 4, the maximum of the peak intensity appears only once at the position z = 25Z R . When c 0 = 8 and 16, the maximum of the peak intensity would appear twice at the positions z ≈ 26Z R and z ≈ 46Z R . Likewise, there is a great deal of similarity between the cases c 0 > 0 and c 0 < 0. For instance, the maximum of the peak intensity would also appear twice when c 0 becomes larger. However, different from the case c 0 > 0, the maximum of the peak intensity locates at the positions z ≈ 4Z R and z ≈ 22Z R . Therefore, one can control the diffraction and the peak intensity of the quadratically chirped Airy beams in the RHM and LHM slabs to meet the actual usage by choosing the appropriate value of the corresponding quadratic chirp.
Then, based on the foregoing discussion, we numerically simulate the side-view images of the finite-energy Airy beams with the different quadratic chirp in the RHM and LHM slabs in Fig. 5 . Through comparing Fig. 5(a) and (b) with Fig. 5(d) and (e), one can notice that the propagation properties of the finite-energy Airy beams with negative quadratic chirp (c 0 < 0) are different from those with positive quadratic chirp (c 0 > 0).
Through observing the entire propagation trajectory in LHM slab, it is easy to see that the trajectory looks like a parabolic curve. However, it is not perfectly symmetrical due to the modulation of the quadratic chirp. The phase distribution shown in Fig. 5(f1)-(f8) can also further demonstrate the effect of the quadratic chirp. For the case of c 0 < 0, a comparison of the propagation trajectories in Fig. 5(a)-(c) shows that, during the propagation, the beams accelerate in the RHM slab (region 1) and decelerate in the LHM slab (region 2). In addition, as shown in Fig. 5(a) and (b) , the acceleration and deceleration will be influenced with the larger absolute value of c 0 . On the other hand, when c 0 > 0, there are many similar behaviors such as the acceleration and deceleration. Interestingly, in this case the quadratically chirped Airy beams accelerate in the LHM slab (region 2) and decelerate in the RHM slab (region 3), as shown in Fig. 5(d) and (e). Thus, according to the analysis above, we could draw a conclusion that, through choosing the appropriate value of the corresponding quadratic chirp, one can control the propagation path of the quadratically chirped Airy beams, decide the positions where the acceleration and deceleration occur, and influence the values of the accelerated and decelerated velocity.
The Poynting Vector and the Angular Momentum
In this subsection we investigate the energy flow of the quadratically chirped Airy beams in the RHM and LHM slabs. The rate of electromagnetic energy flow per unit area, which is usually expressed in terms of the Poynting vector, is a commonly known quantity in electrodynamics [29] , [30] . The Poynting vector can be defined as S = c 4π E × B , where c is the speed of light in vacuum, E and B are the electric and magnetic fields, respectively. Furthermore, we can give a vector potential A =ζφ(x, y, z) exp(−i kz), whereζ is an arbitrary polarization. In the Lorenz gauge, assuming an x-polarized field, the time-averaged Poynting vector could be expressed as [31] where
∂ ∂y e y , e x , e y and e z are the unit vectors along the x, y and z directions, respectively, and * denotes the complex conjugate, ω is the angular frequency. From (8) , it is easy to find that the energy flowing in the z direction is proportional to the light intensity, which can be influenced by the quadratic chirp as demonstrated above. We perform numerical simulation of the transverse Poynting vector from the finite-energy Airy beams with different quadratic chirp in Fig. 6. From Fig. 6 , we can observe that the variation trend of the transverse Poynting vector in the LHM slab is different from that in the RHM slab due to the specific characteristic of LHM. In addition, the quadratic chirp imposed on the finite-energy Airy beams would influence the distributions of the transverse energy flow, yet hardly affect the variation trend. On the other hand, the time-averaged angular momentum density can be written as the form [32] 
. Fig. 7 shows the longitudinal normalized angular momentum density of the quadratically chirped Airy beams in the RHM and LHM slabs. As the beams propagate, similar to the intensities shown in Figs. 3 and 4 , the angular momentum density would become divergent due to the modulation of the quadratic chirp at the same position. However, different from the intensities, the angular momentum density mainly converges to the side lobe of the beams at a shorter propagation distance (z = 2Z R ), as shown in Fig. 7(a1)-(c1) . In addition, comparing Fig. 7 with Figs. 3 and 4 , we can find that the distributions of the angular momentum are more coherent than those of the intensity.
The Radiation Forces for Optical Trapping Particle
In the end of Section III, we investigate the radiation forces of the finite-energy Airy beams with different quadratic chirp in RHM and LHM slabs. As is known to all, the gradient force and the scattering force can be deemed as two kinds of the radiation forces. Asumming the particle is in stable state, one can respectively derive its gradient force and scattering force as [33] 
with where m = n 1 n 2 is the relative refractive index, n 1 and n 2 are the refractive index of the nano-particles and the surrounding medium respectively, r 0 is the radius of the nano-particles, 0 is the permittivity of vacuum.
Based on (1) and (4), we have numerically simulated the transverse gradient force of the quadratically chirped Airy beams in the RHM and LHM slabs in Fig. 8 . Here the parameters are chosen as n 1 = 1.50 and r 0 = 60 nm.
From the results we can quantificationally observe and qualitatively analyze the gradient force of the quadratically chirped Airy beams. When c 0 = 4, the gradient force mainly converges to the main lobe of the beams during the entire propagation [see the Fig. 8(a1)-(a5) ]. When c 0 = 8, the gradient force gradually transfers to the side lobe as the beams propagate at a lager propagation distance [see the Fig. 8(b4) and (b5) ]. When c 0 = 16, it is obvious that the gradient force would become unfocused as the quadratically chirped Airy beams propagate at the positions 34Z R and 38Z R . In addition, a comparison of Fig. 8(a4)-(c4) and Fig. 8(a5)-(c5) shows that, the gradient force would experience the divergent process with the increasing of c 0 . Overall, these behaviors indicate that the quadratically chirped Airy beams in our work may be potentially utilized to drag some nano-particles from the main lobe to the side lobe of the beam, by choosing the appropriate value of the quadratic chirp. Fig. 9 shows the transverse scattering force of the quadratically chirped Airy beams at the different positions with the same quadratic chirp as those in Fig. 8 . It is not difficult to find that there are many similar behaviors between the scattering force and the intensity distribution shown in Fig. 3 . However, obviously, the scattering forces at the positions 14Z R and 34Z R , where the LHM (region 2) exists, are depicted in different color, as shown in Fig. 9(a3)-(c3) and Fig. 9(a4)-(c4) . This phenomenon demonstrates that the scattering force of the quadratically chirped Airy beams is related to the refractive index of dielectric media.
On the other hand, the maximum gradient force and scattering force of the quadratically chirped Airy beams during propagation are shown in Figs. 8(d) and 9(d), respectively. One can see that the distribution of the maximum gradient force doesn't differ greatly from that of the maximum scattering force. In addition, the curve shape for the beam with positive quadratic chirp (c 0 = 8) is symmetrical to that with negative quadratic chirp (c 0 = −8).
Conclusion
In conclusion, we have analytically and numerically introduced the dynamic propagation of quadratically chirped Airy beams in RHM and LHM slabs. We numerically simulate the intensity distribution, the propagation path, and phase evolution of the quadratically chirped Airy beams with the different quadratic chirp, and demonstrate the effect of the quadratic chirp on the propagation in RHM and LHM slabs. Moreover, the Poynting vector and the angular momentum are performed. One can see that the quadratic chirp imposed on the finite-energy Airy beams would influence the distributions of the transverse energy flow, yet hardly affect its variation trend. We can also find that the distributions of the angular momentum are more coherent than those of the intensity due to the modulation of the quadratic chirp. In addition, we have investigated the gradient and scattering forces on a Rayleigh dielectric particles induced by the quadratically chirped Airy beams. We believe our investigation would be useful for understanding about finite-energy Airy beams with quadratic chirp in RHM and LHM slabs and applications in optical particle trapping.
